Let F be a nonarchimedean local field and let G = GL(N ) = GL(N, F ). In this article, we reveal an unexpected connection between the arithmetic of the field F and the K-theory of the tempered dual of G. The bridge between these two aspects is the enlarged building β 1 G. The K-theory of the reduced C*-algebra of GL(N ) is isomorphic (after tensoring over Z with C) to the chamber homology of GL(N ). Our main result is: Using the theory of types for GL(3), we construct representative cycles in all the homology classes of the chamber homology of GL(3).
Introduction
Let F be a nonarchimedean local field and let G = GL(N ) = GL(N, F ). In this article, we reveal an unexpected connection between the arithmetic of the field F and the K-theory of the tempered dual of G. The bridge between these two aspects is the enlarged building β 1 G. We begin by describing the chamber homology groups. The group G acts properly on β 1 G. Each chamber in β 1 G is a prism. The quotient β 1 G/G is a compact space: an identification space of the prism in which opposite ends are identified after a twist through 2π/N . The isotropy subgroups of each facet of the base of the prism create an N − 1 simplex of compact groups. The representation rings of these compact groups create a chain complex, see [2, 14] . The twist through 2π/N then creates a bicomplex. The chamber homology groups H * (G; β 1 G) are, by definition, the homology groups of the corresponding total complex.
Chamber homology comes about by blending two theories: singular homology on the one hand, and the theory of induced representations of com-pact groups on the other hand. Since we will be working with profinite groups, we are in effect working with representations of finite groups.
Let A denote the reduced C * -algebra of G, let H(G) be the convolution algebra of uniformly locally constant, compactly supported, complex-valued functions on G, and let S(G) be the Harish-Chandra Schwartz algebra of G. The following diagram serves as a framework for this article:
with j = 0, 1. In this diagram, K j (A) denotes K-theory for the C * -algebra A, HP j (H(G)) denotes periodic cyclic homology of the algebra H(G), and HP j (S(G)) denotes periodic cyclic homology of the topological algebra S(G). For periodic cyclic homology, see [12, 2.4] .
The Baum-Connes assembly map µ is an isomorphism [3, 14] . The map
is an isomorphism [13, 19] . The map ı * is an isomorphism by [3, 6] . The right hand Chern character is constructed in [7] and is an isomorphism after tensoring over Z with C [7, Theorem 3] . The left hand Chern character is the unique map for which the diagram is commutative. From this commutative diagram we will extract the following canonical isomorphism:
The groups K j (A) are free abelian groups with countably many generators, see [16] . Let B(G) be the Bernstein spectrum of G, and let
A = s∈B(G)
A(s) be the Bernstein decomposition of the reduced C * -algebra A. We have
with j = 0, 1. Let s be a point in the Bernstein spectrum B(G). Let e 1 , . . . , e r be the exponents of s, as in [6] . According to [6, Lemma 3.2] , we then have dim C K j (A(s)) ⊗ Z C = 2 r−1 β(e 1 ) · · · β(e r ) where β(e) = 2 κ(π)−1 .
In this formula, π is a partition of e, the sum is over all partitions of e, and κ(π) is the number of unequal parts of π. For example, if π is the partition 1 + 1 + 1 + 3 + 3 + 3 + 3 + 7 + 9 of 31 then κ(π) = 4. For each point s in the Bernstein spectrum B(G) we will select an s-type (J, τ ). Here, J denotes a certain compact open subgroup of G, and τ denotes a certain irreducible smooth representation of J. The construction of s-types is due to Bushnell-Kutzko, see [8, 9, 10 ]. We will demonstrate that the s-type (J, τ ) generates a sub-bicomplex in the bicomplex which computes chamber homology. The homology of this sub-complex is denoted H * (s). Then H * (G; β 1 G) s is defined as the image of H * (s) via the homomorphism H * (s) −→ H * (G; β 1 G). Our program is to prove that, for each point s in the Bernstein spectrum
with j = 0, 1. It is already clear, from the above discussion of partitions, that the computational complexity of a proof of this statement increases exponentially with N . In fact, even for N = 3, our proofs are quite intricate from a combinatorial point of view. In this article, after establishing some partial results for GL(N ), we concentrate on GL(3).
with j = 0, 1. We also have
From this point of view, the types for GL(3) exceed their original expectations. The s-type (J, τ ) generates a sub-bicomplex which computes the K-theory of the C * -ideal A(s). Let A(s) denote the dual of the C * -algebra A. This is a compact Hausdorff space. Since K-theory for unital C * -algebras is compatible with topological K-theory of compact Hausdorff spaces, we have
Therefore, the s-type also computes the topological K-theory of the compact space A(s). The space A(s) is precisely the space of all those tempered representations of GL(3) which have inertial support s. This reveals, therefore, an unexpected connection between the arithmetic of the field F (the construction of types is arithmetic in nature) and the K-theory of the tempered dual of GL(3, F ).
The canonical isomorphisms (1) and (2) determine the Bernstein decomposition of chamber homology of GL(N ):
We now specialize to GL(3) and apply Theorem 1. We conclude that, for all s ∈ B(G),
It follows that our decomposition of the chamber homology of GL(3) coincides with the Bernstein decomposition modulo a vector space automorphism. The conjectures in [4] are concerned, ultimately, with the Bernstein decomposition of chamber homology. In Section 2, Corollary 1, we prove, in the context of reductive p-adic groups, one of the conjectures in [4] . Quite specifically, if an irreducible representation α of a parahoric subgroup never occurs in any representation of G which has no I-fixed vectors then α is a component of the representation induced from the trivial representation of I. Hence, relying on [4, Remark in §6.1], this gives a proof of [4, Conjecture 6.2] .
Preliminary work in this direction was done with Paul Baum and Nigel Higson, and recorded in [4] . The diagrams in [4] are relevant to the present article. In [4] all computations were in the tame case. We confront here the general case: this is much more technical. We require much detailed information in the theory of types; in particular we need detailed information concerning compact intertwining sets. We will make repeated use of the Mackey formula for induced representations. The well-known double-coset identities among parahoric subgroups of GL(N ), formalized in the theory of BN -pairs, are perfectly adapted to the Mackey formula.
General results on types
We will collect here some general results on types which will used in the paper. In this section G denotes the group of F -points of an arbitrary reductive connected algebraic group G defined over F .
Let M(G) denote the category of smooth complex representations of G. Recall that, for each irreducible smooth representation π of G, there exists a Levi subgroup M of an F -parabolic subgroup P of G and an irreducible supercuspidal representation σ of M such that π is equivalent to a subquotient of the parabolically induced representation I We have the standard decomposition (see [5, (2.10) ])
into full sub-categories, where the objects of M(G) s are those smooth representations of G all whose irreducible subquotient have inertial support s. Let s be a point in the Bernstein spectrum of G, and let (J, τ ) be an s-type, i.e., τ is an irreducible smooth representation of an open compact subgroup J of G such that for any irreducible smooth representation π of G, the restriction of π to J contains τ if and only if π is an object of M(G) s , [9, (4.2) ]. When G = GL(N, F ), it has been proved [8, 10] that there exists an s-type for each point s in B(G).
is a subgroup of L, and we set
For simplicity, we will assume from now on that G is split. Let T be the group of F -points of a split maximal torus T. Let W denote the extended affine Weyl group of G, that is, the quotient of N G (T) by T(o F ). For any parahoric subgroup J * of G, we will denote by j a corresponding facet and by W J * the stabilizer in W of j. For L * , J * two parahoric subgroups of G, let D L * ,J * (G) denote the set of representatives of minimal length of the double classes W L * \ W /W J * .
Proposition 3. Let α be an irreducible representation of a parahoric subgroup L * of G which never occurs in any object of the categories M(G) t , with t = s. Then α is a component of
Proof. Let π be any irreducible component of Ind
We immediately obtain the following result. 
Chamber homology groups
Let o F denote the ring of integers of F , let = F be a uniformizer in F , and p F = F o F denote the maximal ideal of o F . We set
Let s 0 , s 1 , . . ., s N −1 denote the standard involutions in G: s i denote the matrix in G of the transposition i ↔ i + 1, that is,
for every i ∈ {1, . . . , N − 1}, and s 0 = Πs 1 Π −1 . The finite Weyl group is W 0 =< s 1 , s 2 , . . . , s N −1 >, and the affine Weyl group is given by W =< s 0 , s 1 , . . . , s N −1 >.
We set
The extended affine Weyl group is given by W = W < Π >. We observe that
The standard Iwahori subgroup is
Let A be the apartment attached to the diagonal torus and let ∆ denote the unique chamber of of A which is stabilized by
• s i ∆ is the unique chamber of A which is adjacent to ∆ and such that
The L i are the maximal standard parahoric subgroups of G,
,
The stabilizers of the facets of dimension
Each parahoric subgroup of G is defined by a facet of the building and the standard parahoric subgroups are the
where S is any subset of {0, 1, . . . , N − 1} mod. N , [18, p. 118] .
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The group of units of A(N 1 , . . . , N r ) will be denoted by
The enlarged building β 1 G is labellable, that is, there exists a simplicial map : β 1 G → ∆, which preserves the dimensions of the simplices. The labelling is unique, up to the automorphisms of ∆. It allows us to fix an orientation of the simplices: one defines an incidence number < η : σ > between an arbitrary facet η = (η 0 , . . . , η i−1 ) of dimension i and any facet σ = (σ 0 , . . . , σ i ) of dimension i + 1 which contains η, as follows
The chamber homology groups are obtained by totalizing the bicomplex
in which the chains are as follows:
and each vertical map is given by 1 − Ad Π. In particular, we have
We will write an arbitrary element v in
. Once an orientation has been chosen, the differentials are as follows:
In particular:
and, in the chain complex
we have that v is a 1-cycle if and only if
i.e., if and only if the 1-chain (v 0 , v 1 , v 2 ) is vertex compatible. Note that a true representation in R(I) can never be a 2-cycle; on the other hand, each 0-chain is a 0-cycle. When we totalize the bicomplex we obtain the chain complex
The homology groups of this totalized complex are the chamber homology groups, as in [4] .
To each point s ∈ B(G) we will associate a sub-bicomplex C * * (s):
in which each vertical differential is 0. By an invariant chain we shall mean a chain invariant under Ad Π.
Let s be a point in B(G) with
Given a point s ∈ B(G), fix an s-type (J, τ ). Such types exist [8, 9, 10] .
is also an s-type: we can and will choose J ⊂ J s (see Theorem 2) . Then
• induce (if possible) each element in the orbit W (M ) · α to the standard parahoric subgroups containing J s , and rotate, i.e., apply R, . . ., R N −1 ,
• take the free C-vector spaces generated by all the irreducible constituents which arise in this way.
Each of our sub-complexes C * * (s) will come from some or all of this data. All the chain groups in C * * (s) are finite-dimensional C-vector spaces and comprise invariant chains. The homology groups of the chain complex
will be denoted h * (s). We call this the little complex.
When we totalize the associated bicomplex C * * (s) we obtain the chain complex
The following lemma will speed up our calculations. Lemma 1. The homology groups H * (s) of this complex are given by
The even (resp. odd) chamber homology is precisely the total homology of the little complex.
Proof. This is a direct consequence of the fact that each vertical differential in the bicomplex C * * (s) is 0.
Compact intertwining sets
In order to study the induced representations and their decomposition into irreducible constituents, we need to use the Mackey formulas repeatedly.
We define the g-intertwining vector space of (λ, λ ) to be We will use repeatedly, and without further comment, the fact that induction commutes with conjugation: in particular conjugation by Ad Π i , 1 ≤ i ≤ N − 1. We will use this in the following form:
2.2 In [9, 10, 8] , the results centre around identification of the G-intertwining set I G (λ). In our applications, we shall need only the K-intertwining set I K (λ) where K is compact.
We will need the following Proposition which gives a bound for the compact intertwining.
point of the Bernstein spectrum of M , and let K be a compact subgroup of G which contains J. Let t denote the number of double classes J\K/J. Then
where
More precisely, let {x 1 , . . . , x t } be a set of representatives of the double classes J\K/J. If f i ∈ I x i is non-zero, we can define a function φ i ∈ H(K, τ ) supported on the double class Jx i J by
The set of these functions is clearly linearly independent: indeed, if we have
It follows that t is bounded by the dimension of H(K, τ ). Now, for any G-cover of a s M -type, with s M = [M, σ] M , and for any compact subgroup K of G containing J, the dimension of the algebra H(K, τ ) is less than the order of the group W s M by [11] . 
Simple types
We recall that A = A(N/e(A), . . . , N/e(A)).
In the case when J = J(β, A), we set E = F [β] and we denote by B the principal o E -order in B := M N/[E:F ] (E) defined by B := B ∩ A. Then we have e = e(B) = e(B|o E ).
In the case when J = U (A), we have e = e(A).
Proof. In the case when J = U (A), we have A s = A. Otherwise, the statement follows immediately from the above descriptions of the orders A, A s , and from the fact (see [8, Proposition (1.2.4)]) that e(A) = e · e(E|F ).
Indeed, from the above descriptions of the orders A, A s , we have
while M ∩ A is isomorphic to the product of e copies of the order of e(E|F ) × e(E|F ) blocks matrices of the following form: the (j, l)-block has dimension N/e(A) × N/e(A) = (N/ee(E|F ) × N/ee(E|F )), 0 ≤ j, l ≤ e(E|F ) − 1, and its entries lie in
Let K/E be an unramified field extension of degree f with
and let C = End K (V ) M e (K). We view E as a prime element of K. We fix the embedding
c ⊗ I N/e being a block matrix with scalar blocks. Let W C be the group generated by S = {s 0,C ⊗ I N/e , s 1,C ⊗ I N/e , . . . , s e−1,C ⊗ I N/e }.
Then ( W C , S) is a Coxeter group of typeÃ e−1 .
Proposition 7. The representation α = Ind
Proof. In the case when J = U (A), we have J s = J, so the result follows trivially in this case. We will assume from now on that J = J(β, A). For any i ∈ {1, . . . , e − 1}, Hence W C ∩ J s = {1}, which gives
Then the result follows from the fact (see [8, Propositions (5.5.11) and (5.5.14) (iii)]) that
Semisimple types
We will now consider the case of an arbitrary point
Here the Levi subgroup M is isomorphic to GL(N 1 , F ) × · · · × GL(N r , F ) and the supercuspidal representation σ is of the form σ = π 1 ⊗· · ·⊗π r , where π i is an irreducible supercuspidal representation of the group GL(N i , F ), for i = 1, . . . , r. By [8, Theorem (8.4 
.1)], there is a maximal simple type (J
If π i contains the trivial character of
, then π i is said to be of level-zero. Otherwise, there exists a principal o F -order 
and let e i = e(A i |o F ) denote the period of
is a k-vector space of dimension N i /e i (independent of j, since the o F -order A i is principal).
Let M denote the unique Levi subgroup of G which contains the N G (M )-stabilizer of s M and is minimal for this property. We can assume that
so that the Levi subgroup M is isomorphic to GL(N 1 e 1 , F )×· · ·×GL(N t e t , F ), and we can also assume that π e 1 +···+e i +k = π e 1 +···+e i+1 , for i = 0, . . . , t − 1 and k = 1, . . . , e i+1 , that is,
We set 
Proof. It follows from Proposition 7 and from the fact that there is an isomorphism of Hecke algebras H(GL(N i ), τ i ) H(GL(N i ), τ i ) which has the following property (see [8, (7 
.2.19)]): iff ∈ H(GL(N
It immediately follows from Lemma 3 that:
Lemma 4. We have K ⊂ J s and α = Ind
If π i is of level zero, we set Θ π i = {Θ 0 }, where Θ 0 is the trivial ps-character (that is, if A is a hereditary o F -order in some End F (V ), the realization of Θ 0 on A is the trivial character of U 1 (A)). Otherwise, the simple character θ i determines a ps-character (Θ i , 0, β) and hence an endo-class Θ π i . Let Θ(1), Θ(2), . . ., Θ(q) be the distinct endo-classes arising in {Θ π 1 , . . . , Θ πr }. Now letM ⊃ M be the Levi subgroup in G defined as in [10, §8.1] , that is,
where the integersN 1 , . . .,N q are defined as follows:
with l(1) = 0, and
for each j ∈ {1, . . . , q−1}. This implies that we may take the maximal simple types
• β l(j)+1 , β l(j)+2 , . . ., β l(j+1) are equal (we call them β(j)),
• the restriction of λ l(j)+i to H 1 (β(j), A l(j)+i ) is a multiple of some simple character θ(j) i , for each i,
• θ(j) l(j)+i , for 1 ≤ i ≤ l(j + 1) − l(j), are realizations of the same ps-character (Θ(j), 0, β(j)) (of endo-class Θ(j)).
The o E -order B(j) attached to β(j) is maximal. It follows that e l(j)+i = e(E|F ) for all 1 ≤ i ≤ l(j + 1) − l(j).
a point in the Bernstein spectrum of GL(N j , F ), and
We define now an o F -lattice chain 
where P (j) is the upper triangular parabolic subgroup of GL(N j ) with Levi 
As in [10, §2.6], we extend Λ i to a function on the real line R by setting Λ i (x) = Λ i ( x ), x ∈ R, where x is the integer defined by the relation x − 1 < x ≤ x .
Then we denote by Λ = Λ 1 ⊕ · · · ⊕ Λ q the direct sum of Λ 1 , . . ., Λ q : we recall from [10, §2.8] that Λ is defined by
, where e = lcm{e 1 , . . . , e q }.
Theorem 2. There exists a G-cover (J, τ ) of (J M , tau M ) such that
Now, by Lemma 4, we have
We get I J s (τ ) = J.
Supercuspidal Bernstein components
Here π is an irreducible unitary supercuspidal representation of G. Let (J, λ) be a maximal simple type contained in π, as in [8] .
We have e = 1 and hence
The restriction to L 0 of a smooth irreducible representation π of G contains α if and only if π is isomorphic to π ⊗ χ • det, where χ is an unramified quasicharacter of F × . Moreover, π contains α with multiplicity 1. In fact, the representation α is the unique smooth irreducible representation τ of L 0 such that (L 0 , τ ) is an s-type, see [15] .
The little complex C * (s) determined by α is
where C 0 (s) is the free abelian group on the invariant 0-cycle
The total homology of the little complex is given by h 0 (s) = Z. Therefore, by Lemma 1, we have 
where j = 0, 1.
Proof. The C * -ideal A(s) is given by
where K is the C * -algebra of compact operators and
The noncommutative C * -algebra A(s) is strongly Morita equivalent to the commutative C * -algebra C(S 1 ). For this C * -algebra we have
Generic Bernstein components attached to a maximal Levi subgroup
We assume in this section that
Let (J M , λ M ) be an s M -type and let (J, τ ) be the G-cover of (J M , τ M ) considered in Theorem 2. We have shown there that α := Ind J s J (τ ) is irreducible. It then follows from Propositions 4 and 6 that β = Ind
Let C 0 (τ ) denote the free abelian group on one generator (β, R(β), . . . , R N −1 (β)), and let C 1 (τ ) be the free abelian group on (α, R(α), . . . , R N −1 (α)). The little complex is
The map ∂ is 0 by vertex compatibility of (α, R(α), . . . , R N −1 (α)). Then h 0 (s) = C, h 1 (s) = C and so H ev (s) = C 2 = H odd (s). The subset of the tempered dual of GL(N ) which contains the s-type (J, τ ) has the structure of a compact 2-torus.
Theorem 4. The s-type (J, τ ) generates a little complex C(s). For this complex we have
Note that the above Theorem applies to the intermediate principal series of GL(3). In the next section, we will consider the principal series of this group.
Principal series in GL(3)
Here s 0 , s 1 , s 2 are the standard involutions Note that val(det(Π)) = 1. Restricted to the affine line R in the enlarged building β 1 GL(3) = βSL(3) × R, Π sends t to t + 1. We also have Π 3 = 1 ∈ GL(3).
We have the double coset identities
Let s = [T, σ] G , where T is the diagonal split torus in GL (3):
and σ is an irreducible smooth character of T .
Construction of an s-type, following Roche
For u ∈ F , we set
and, for any k ∈ Z,
Let Φ = {α i,j : 1 ≤ i, j ≤ 2} be the set of roots of G with respect to T . For each root α i,j , let α ∨ i,j denotes the corresponding coroot. We have
where We can define a function f = f σ : Φ → Z (here Φ is the set of roots) as follows:
Here [x] denotes the largest integer ≤ x.
where
• T is the compact part of T ,
It follows that
The group J will give the open compact group we are looking for.
Next, we need to figure out what is the correct character of J. In order to do that, we set
we obtain
By construction, T σ ⊂ ker(σ | • T ). Hence σ | • T defines a character of • T /T σ , and so can be lifted to a character τ of J. Then (J, τ ) an s-type by [17, Theorem 7 .7].
Intertwining
We first recall that the following results ([17, Theorem 4.15])
More generally, it follows by the same proof as those of [17, Theorem 4.15] , using [1, Prop. 9 .3] instead of [17, Prop. 4.11] , that, for each w ∈ W ,
where The pair (I, τ ) is an s-type. We will construct cycles from this type. It follows from (20) that, as C-algebras,
We also have, as C-algebras,
so that Ind
We also have σ|J 0 → Ind We now form the little complex:
• C 0 (s) is the free vector space on the three invariant 0-cycles
• C 1 (s) is the free vector space on the invariant 1-cycle
In the little complex
we have
The total homology of the little complex is C 4 . As generating cycles we may take
and so, by Lemma 1, the even (resp. odd) chamber homology groups are
Each irreducible representation ρ of a compact open subgroup J creates an idempotent in A as follows. Let d denote the dimension of ρ, let χ denote the character of ρ. Form the function d · χ : J −→ C and extend by 0 to G. This function on G is a non-zero idempotent in A, with the convolution product. We will denote this idempotent by e(ρ): e(ρ) * e(ρ) = e(ρ).
The inclusion
is given explicitly as follows:
It follows from [16] that the C * -ideal A(s) is given as follows:
The symmetric cube Sym 3 T is homotopy equivalent to T via the product map
• Sym 3 T is in the minimal unitary principal series of GL(3)
• T 2 is in the intermediate unitary principal series of GL (3) • T is in the discrete series of GL(3); if τ = 1 then T comprises the unramified unitary twists of the Steinberg representation of GL (3) These are precisely the tempered representations of GL(3) which contain the type (I, τ ). 
The case
. We have
where = c 1,3 = c 2,3 , and
It is clear that s 1 ∈ I L 0 (τ ). The Weyl group W s T = Z/2Z and so we have I Lo (τ ) = J ∪ Js 1 J. The complete list is as follows: Lemma 6. We have
This implies that Ind
I τ 1 has two distinct irreducible constituents ξ 1 , η 1 . Now, we replace J 1 by L 0 , and infer that Ind We have h 0 (s) = C 2 , h 1 (s) = C 2 and the total homology is C 4 and so H ev = C 4 = H odd . The definition of ζ := (ζ 0 , R(ζ 0 ), R 2 (ζ 0 )) shows that ∂(τ 1 + R(τ 1 ) + R 2 (τ 1 )) = ξ + η + 2ζ so that ζ and −(ξ + η)/2 are homologous. Therefore the invariant 1-cycle ζ does not contribute a new homology class in H 1 (G; β 1 G). The C * -ideal A(s) is as follows:
To identify these ideals, we proceed as follows. First, let Ψ(F × ) denote the group of unramified unitary characters of F × . The first summand is determined by the compact orbit O(St(σ 1 , 2) ⊗ σ 3 ) = {χ 1 St(σ 1 , 2) ⊗ χ 2 σ 3 : χ j ∈ Ψ(F × )} where St(σ 1 , 2) is a generalized Steinberg representation; the second is determined by the compact orbit
The compact space Sym 2 T × T is homotopy equivalent to the 2-torus T 2 . The space Sym 2 T × T is in the minimal unitary principal series of GL(3) and the space T 2 is in the intermediate unitary principal series of GL(3). The union of these two compact spaces is precisely the set of tempered representations of GL(3) which contain the s-type (J, τ ).
The K-groups are now immediate: The canonical isomorphisms (1) and (2) determine the Bernstein decomposition of chamber homology:
We now apply Theorem 1. We conclude that, for each s ∈ B(G):
It follows that our decomposition of chamber homology H j (G; β 1 G) coincides with the Bernstein decomposition modulo an automorphism of the vector space H j (G; β 1 G).
